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Abstract. In this article, we consider two models of directed polymers in random 
environment: a discrete model in a general random environment and a continuous 
model. We consider these models in dimension greater or equal to 3 and we suppose 
that the normalized partition function is bounded in (the ’’high” temperature 
case). Under these assumptions, Sinai proved in m a local limit theorem for 
the discrete model, using a perturbation expansion. In this article, we give a new 
method for proving Sinai’s local limit theorem. This new method can be transposed 
to the continuous setting in which we prove a similar local limit theorem. 

Resume: Dans cet article, on considere deux modeles de polymeres diriges en 
environnement aleatoire: un modele discret en environnement aleatoire general et 
un modele continu. On considere ces modeles en dimension superieur ou egale 
a 3 et on suppose que la fonction de partition renormalisee est bornee dans 
(cela correspond au cas de ’’haute” temperature). Sous ces hypotheses, Sinai a 
montre dans CH un theoreme limite locale pour le modele discret en utilisant un 
developpement en perturbation. Dans cet article, on donne une nouvelle methode 
pour demontrer le theoreme limite locale ci-dessus. Cette nouvelle methode peut 
etre transposee au cas continu dans lequel on montre un theoreme limite locale 
similaire. 
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1. INTRODUCTION 

Directed polymers in random environment is a model of statistical mechanics in 
which stochastic processes interact with a random environment, depending on both 
time and space: one studies the path of the stochastic process under a random Gibbs 
measure depending on the temperature (as the temperature increases, the influence 
of the random environment decreases). 

In this article, we will consider two polymer models: a simple random walk model 
of directed polymers and its continuous analogue, a Brownian model of directed 
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polymers. The discrete model first appeared in the physics litterature ([7j) to mod- 
elize the phase boundary of Ising model subject to random impurities and its hrst 
mathematical study was undertaken by Imbrie, Spencer in 1988 (jS]) and Bolthausen 
in 1989 (| 2 ])- The continuous model we study here was hrst introduced and studied 
by Comets and Yoshida in 2004 (@]). These models are related to many models 
of statistical physics. We refer to the survey paper jH] by Krug and Spohn for an 
account on these models and there relations. 

In the sequel, we will suppose that the dimension of the underlying stochastic pro¬ 
cess is greater or equal to 3 and that the normalized partition function is bounded 
in L?' (see subchapters 1.1-1.2. for the dehnition of the normalized partition func¬ 
tion). Under these assumptions, the polymer is diffusive in the sense that a central 
limit theorem holds: by scaling by the square root of time, the simple random walk 
(Brownian motion in the continuous model) converges in law under the random 
Gibbs measure to a gaussian measure (see 0.0. n, 0). One can sometimes go 
a step further than convergence in law by giving an equivalent of the density: this is 
called a local limit theorem. In nn, Sinai obtained a local limit theorem by using a 
perturbation expansion. Unfortunately, it is not clear how to adapt the strategy to 
the continuous setting. The object of this work is to give a new method for proving 
Sinai’s theorem; this method is sufficiently general to be easily adapted to prove a 
similar local limit theorem in the continuous setting. Our approach is simple and 
relies only on computations and on properties of the simple random walk bridges 
(Brownian bridges in the continuous case). 

Finally, we remind that some results have been achieved in the case of dimension 
less or equal to 2 or when the temperature is low. In these cases, the polymer is non- 
diffusive (see remark I7T)I below! and many conjectures remain open. For an account 
on these cases, we refer to jSj in a gaussian environment and to j3] in a general 
environment. 

The article is organized as follows: each chapter is divided into two subchapters, 
one of them being devoted to the discrete model and the other one being devoted 
to the continuous model. First, we introduce the two models. In the second chapter, 
we will remind the known results at high temperature when the dimension of the 
underlying process is greater or equal to 3; we will also formulate an analogue to 
Sinai’s local limit theorem for the Brownian directed polymer. In the third chapter, 
we will prove the local limit theorem for both models. 

1.1. The simple random walk model of directed polymers. 

• Let ((ci;n)neN) denote the simple random walk on the d-dimensional 

integer lattice dehned on a probability space (f2,jF); more precisely, for 
X in under the measure (a;„ — ujn-i)n ^ i are independant and 

F"’(a;o = t) = 1, P"’(a;n - ujn-i = ±5j) = ^, j = 

where {Sj)i ^ j ^ is the j-th vector of the canonical basis of In the sequel, 
P will denote P°. For x in Z'’*, let q^^\x) be the probability for the random 
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walk starting in 0 to be in x at time n: 

g(”)(T) =^- PK = x)- 

• The random environment on each lattice site is a sequence 17 = (? 7 (n, x)) 

of real valued, non-constant and i.i.d. random variables dehned on a proba¬ 
bility space {H, Q, Q) such that 

V/3 e M \{f3) '^= lng(e^''('^’")) < 00 . 

• For any n > 0, we dehne the (Q-random) polymer measure /i^ on the path 
space (hi, P, P^) by: 

fiUduj) = exp{(3Hn{uj) - n\{f3))P^{duj) 
where /? G M is the inverse temperature, 

n 

i=i 

and 

Zl = P^{(3Hr.{u)-nm) 
is the normalized partition function (g(Z*) = 1). 

Let {Qn)n ^ 0 be the hltration dehned by 


Qn = ^n,x E 

For any hxed path u, ((X]j^=i ^j)) ~n\{P))n ^ 1 is a random walk with indepen¬ 

dent increments thus it is not hard to see that Qn)n ^ 0 is a positive martingale. 
Therefore, it converges Q-a-s. to a limit Z^. Since the event = 0) is measurable 
with respect to the tail a-held 

n >n,xE 

n ^ 1 

by Kolmogorov’s 0 — 1 law, there are only two possible situations 

Q(Z^ = 0) = 1 or Q(Zi = 0)=0. 

In the former case, we say that strong disorder holds and in the latter case we say 
that weak disorder holds. 


1.2. The Brownian motion model of directed polymers. 


• Let ((ci;t)teR+, (P’’’)a;eRd) denote a d-dimensional standard brownian motion, 
dehned on a probability space (r2,P). In the sequel, P will denote P°. For 
t > 0 and X, y in let p{t, x, y) be the transition density of the Brownian 
motion: 


p{t,x,y) 


fie/. 


1 \y—^ 

- 6 

(27rt)^ 
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• The random environment // is a Poisson random measnre on M_|_ x with 
nnit intensity, defined on a probability space {M,Q,Q). We recall that rj is 
an integer valned random measnre characterized by the following property: 
If Ai,..., G i3(M+ X are disjoint and bonnded Borel sets, then 


=kj)) =n* 




A. 


i=i 


i=i 


Vj. 


where ki,...kn G N and | . | denotes the Lebesgne measnre in We 

define Vj to be the nnit volnme tnbe aronnd the graph {(s,a;s)}o<s of the 
Brownian path: 


Vt = Vt{uj) = {(s,a;);s G]0,f],x G 17(a;J} 

where U{x) is the closed ball in with nnit volnme and centered at a; G 
• For any f > 0, we define the (Q-random) polymer measnre on the path 
space (n, JF, P*) by: 


where /? G M is the inverse temperatnre and 


P^{du), 


Zt = - mt)) 

is the normalized partition fnnction {Q{Zf) = 1). In this setting, the random 
environment is a Poisson point process so we get the explicit valne: 

A(/3) = — 1 g] — 1, oo[. 

It is natnral to introdnce the filtration {Qt)t>o defined by : 


gt = a{T]{A);AeB(\0,t]xR‘^)}. 

As in the discrete setting, it is not hard to show that (Zf, gt)t>o is a positive 
martingale wich converges Q-a.s. to a non negative random variable Z^ that has 
the following property: 


Q(Zi = 0) = l or Q(Z^ = 0) = 0. 

In the former case, we say that strong disorder holds and in the latter case we say 
that weak disorder holds. 

2. Study of the directed polymers when the normalized partition 

FUNCTION IS bounded IN 

From now on, in the rest of this paper, we will only consider the case d ^ 3 and 
we will snppose that that the normalized partition fnnction is bonnded in L‘^{Q). In 
that case, the latter converges Q-a.s. and in L‘^{Q) to the random variable Z^. The 
convergence implies that Q{Z^) = 1 and therefore weak disorder holds. Under 
these assnmptions, the behavior of the typical path nnder the polymer measnre is 
diffnsive (see [3] for the discrete case and jB] for the continnons case). 
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2.1. The Simple random walk model. In order to get a nice probabilistic inter¬ 
pretation, we work on the prodnct space {P^®P'^)x,y^zd) and thus consider 

another simple random walk independant of the hrst one under the 

same environment. 

Let A2(/5) A(2/3) — 2A(/3) and be the number of ordered 

intersections of u and u between k and n: 

n 

de/. 

j=k 

With these notations, the following proposition is straightforward (e.g., [5]): 
Proposition 2.1. We have the following identity: 

= P^® 

= P® p(e^2(/3)Yi.„^_ 

In particular, 

sup =P® p(e^2(/3)Yi.^^_ 

n ^ 0 

We have the following eguivalence 

P ® p(e^2(/3)Yi,^) < ^ ^ 

T^d 

def 

where tt^ =' P(3n ^1, a;„ = 0) < 1. Thus, We have the following eguivalence: 


supO((z:)t<<x. ^ A2(;3) < Mp. 

n ^ 0 T^d 

A serie of articles 0,0, n lead to the following central limit theorem: 


Theorem 2.2 (Central limit Theorem). Suppose that the normalized partition func¬ 
tion is bounded in : 

MU) < iii(l-). 

Then, for all f G with at most polynomial growth at infinity. 




< /(^) 


(27r; 


/(^)e '2 dx, Q-a.s. 
' yd 


A step further is to try and prove a local limit theorem: one wants to obtain an 
expansion of the density P^{ei^nlu)n=y)- As mentioned in the introduction, this has 
been done in CH by Sinai. In this paper, we will give a different proof of the local 
limit theorem which can be adapted to prove a continuous analogue in the Brownian 
setting. 

Let us introduce a few notations that we will use in the rest of this paper. We 
define for k ^ n 

n 

ek,n '^=' exp{Q2fIr]{j,ujj)) - {n - k + 1)A(/?)) 

j=k 
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and the time reversed analogue 

n —1 

7k,n "*=' exp(( ^ Pr]{n-j,ujj)) - {n - k + 1)X{p)). 

j=k-l 

We can now recall Sinai’s local limit theorem in a suitable form: 


Theorem 2.3 (Sinai, 1995). Let d ^ 3, A > 0 and (3 he such that \2{(3) < 

Then, if {ln)n is a sequence of integers that tend to infinity such that In = oirA) 
with a < ^, 

P7ei,n I u;n = y) = P7ei,ijP^{7,,iJ + 6f’y (2.1) 

with 

sup Q{\ n ^ 0. 

\y-x\^AVE 

This leads to the following formulation that can be found in Sinai’s article: 

P7ei,n I u;n = y) = Zf^py{7,,n) + 5^’" (2.2) 

with 

sup Q(| s^y 1)^0. 


Remark 2.4. Intuitively, the local limit theorem asserts that, conditionnaly to the 
event {ojn = y), the polymer only ’’feels” the environment at times k small where it 
stays near x and at times k close to n where it stays near y. In between , the polymer 
behaves like a conditionned simple random walk. 


Remark 2.5. Theorem leads to a weak form of theorem. \2. M - for all f G C(M'^) 
with compact support. 


UJr, 


Tn /(^) 


Q—Proba. 


(27r) 2 jKd V d 


This derivation can be found in HU. 


Remark 2.6. At a heuristic level, we argue that the local limit theorem is a natural 
definition for the polymer to be diffusive (more natural than the central limit theorem 
itself). Roughly, the local limit theorem implies 

In ‘^=' ^ = x)^ 

^ J2iP7ei,nW^\xY 

-Q{Zl) X 

c 
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With other respects, recall (e.g. [Hlj that for d = 1,2 and {3 ^ D or d ^ and f3 
large, 

35 > 0, lim In ^ d Q — a.s. 

n —»'00 

(at least if rj is unbounded in the second case). Therefore, it is natural to call these 
two cases ’’non-diffusive” as mentionned in the introduction. 


2.2. The Brownian model. This subchapter is the continuous analogue of the 
previous one. We work on the product space ® P^)x,ym.'^) and thus 

consider another d-dimensional brownian motion independant of the hrst 

one under the same environment. 

Let A2(/9) A(2/?) — 2\{j3) where we recall that A(/9) = — 1. Let W,* = 

Na^t{oj,uj) be the volume of the overlap in time [s,t] of unit tubes around a; and ui: 

u 


def. 


Ns,t = 


U(cVu) n [/(uJn) I du. 


With these notations, we can hnd the following proposition in |3]: 

Proposition 2.7. We have the following identity: 

Q{{Zff) =P^® p^(eA2(/3)Ao,t) 

= P® P(e^2(/3)Yo,t^_ 

In particular, 

sup Q{{ZfY) = P® p(e^2(/3)Vo.oo)_ 

t ^ 0 

There exists A((i) > 0 such that: 

A' e]0, X{d)[ ^ P® < cx). 

In inj, Comets and Yoshida prove the following central limit theorem: 
Theorem 2.8 (Central limit theorem). Suppose that fl is such that: 

\2{(3) < X{d). 

Then, for all f G with at most polynomial growth at infinity. 


(fQ 


/(-^)e dx, Q- a.s. 


t^oc (^2 tt)2 . 

As in the discrete setting ,we dehne for s ^ f 

where Vg^t is the unit tube around the graph {(u, a;u)s<„ ^ t}: 

Vs,t = {{u,x)-,u e]s,f],a; G f/(a;„)}. 
We also dehne the time reversed analogue: 
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where 

Vs,t = {(^ - u,x)]u e]s,t],x e U{uu)}. 

We can now formnlate a new resnlt: the local limit theorem for Brownian polymers. 

Theorem 2.9. Let d ^ 3, A > 0 and (3 he such that X2{/3) < X{d). Then, if {lt)t 
is a positive function that tends to infinity such that It = oif^) with a < 

P^{eo,t \oot = y)= P%eoM)P\eoM) + 

with 

sup g(| n ^ 0. 

\y-x\ ^ A\/t 

This leads to the following formulation in : 

P%eo,t\uJt = y) = Z:^py{eo,t) + Sf'^ 

with 

sup Q(| I) ^ 0. 

\y-x\ ^ AW 

Remark 2.10. The remarks\2.4\ and\2.h\ a,pplv here too. 


3. Proofs 

Our proof of theorem 12.31 is based on the way bridge measures of the simple 
random walk relate to the measure of the simple random walk. This proof can be 
translated in the continuous setting because Brownian bridge measures relate to the 
Wiener measure in a similar way. The two main relations we use are the absolute 
continuity result ()3.4|l (relation ()3.1()j) in the Brownian setting) and the inequality 
()3.f)|l (relation ()3.13|1 in the Brownian setting) which can be proved by using potential 
theory. 

3.1. Proof of theorem 12.31 First we state and prove a few results that we will 
use in the proof of theorem 12.31 We remind the classical local limit theorem for the 
simple random walk (cf. |l()ji: 

Theorem 3.1 (Local limit theorem). For n G N and x G we say that n and x 
have the same parity and write n x if n + even and we define (f-'^\x) 

to be the gaussian approximation of q^'^\x): 

-(n)t \ def. d d _dj£j^ 

q^ ’{x) = 2(- )2exp 2u . 

2'Kn 

With these notations, we have: 

sup I h 0(A;-). (3.1) 


sup q^’^^x) = O(^). 

n^-^x 77/2 


In particular. 


(3.2) 
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and if one fixes A> Q, there exists c > 0 such that 


inf ^ c 

n-^x ^ ' 

|a:| ^ 


d 

n2 


(3,3) 


We will need the following obvious corollary of theorem id. ll wich can be understood 
as an absolute continuity result: 


Corollary 3.2. Let t g]0, 1[ and A > 0. There exists a constant C{A,d) > 0 such 
that: 


V/ ^ 0 Vn sup P* (g) UJk)k ^ lnt\ \uJn = y,UJn = V) 

\y-x\ ^ 

« «[..<])), (3,4) 

Proof. By developping the left hand side of the inequality: 


P ® -P (/ ( •) ) fc ^ [ntj ) I V i 1/) 

Z\ GS 

Z\ 

q^^\zi -x)... q^^\\nt\ - pnij-l) 

/(^I,. .., zynt \, 2^1,)- qin)^y_^^ - 

qA){y — x) 

By the local limit theorem 13.11 

^ n .t ^ c 

q‘'''Xy-x) 13 -jj?! 3L ^n-[7ity 


Similarly, 

q(A{y-x) 


□ 


In order to prove theorem 12.31 we will also need to use a result that comes from 
discrete potential theory. For a complete overview of potential theory for discrete 
Markov chains, we refer to m 


Lemma 3.3. For d ^ 3 and v -.lA xlA 


M a bounded function, define 


<^{x,y) = py{e^A=iA^k,^k)y 


0 < inf ^{x,y) ^ sup ^{x,y) < oo. 


Suppose that 
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Then there exists a constant C g] 0, cx)[ such that 


sup ^ py{e^k=iH^k,u^k) 


f {^ny ^n) \ ) ^ 


£ 


I f{xyy) 


(3.5) 


for all f in and n ^ 1. 


Proof. We will show inequality (USD for n even, the case n odd being similar. Let 
(iVn)n^o denote the simple random walk on By theorem 4.18 in jHj, (a; 2 n)n^o 
satishes the d-isoperimetric inequality {ISd therein) on its underlying graph. By 
remark 4.11 in jHj, {ui 2 nyl^ 2 n)n^o satishes the 2d-isoperimetric inequality on its 
underlying graph. Consider the Markov chain in Z'^ x Z'^ with kernel: 


K{{x,y),{x,y')) = Y 






e'('’')e'(“''«')p((a:, y), (z, T))p((z, T), (x', y')) 


where p is the transition kernel of (a;„, ujn)n ^ o- The transition kernel K is reversible 
with invariant measure m{x,y) = (<h(a;, By assumption, we have 


0 < inf m{x,y) ^ sup m{x,y) < oo. 


By assumption, there exists c, C > 0 such that for all {x, y), {x', y') in !/■ 
cp^'^\{x,y),{x\y')) ^K{{x,y),{x\y')) ^ Cp^‘^\{x,y),{x\y')) 


where is the transition kernel of {ijJ 2 ny^ 2 n)n^o- Therefore K satishes the 2d- 
isoperimetric inequality on its underlying graph. By corollary 14.5 in |14j . 


I f{uJ2n,UJ2n) \ ^{(X2n, U}2n)) ^ c\ Y I 


for all / in L^(Z^^) and n ^ 1. The inequality (j3.5|) follows by using the boundedness 
of V and the assumption on 4). □ 

We can now state the following usefull corollary of lemma 13.31 


Corollary 3.4. Let A > 0 and x G Z'^. Under the assumptions of lemma UTR there 
exists C g] 0, cx)[ such that: 

Vn sup ® \ ujn = yy^n = y) ^ C. (3.6) 

\y-x\ ^ Ay/n 


Proof. Let i/ G Z'^ be such that \ y — x \ 

f = g6P 


^ Ay/n. By applying inequality (13. 5 j) with 

(j ^ 

y) ^ ^dpx 0 P*(a;^ = = y-^ • 


□ 

We can now prove theorem 12.31 

Proof of theorem \2.A Let In be a sequence tending to inhnity and such that Vn In ^ n/2. 
First, we compare in L? the quantity \ ^n = y) with P^{eipen-i„,n \ = y)- 

Therefore we compute: 
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Q(F"(ei,„ - \ a;„ = y)f = | 

p^(e^ 2 (/ 3 )Yi,*„gA 2 (/ 3 )A„_*„,„^^ I 

with 

An = — 1 . 

Let 5 > 0 be such that (1 + 6 )X 2 {P) < We remind that this implies: 

sup ® py= P^ ® 


= P® p(e(i+^)^ 2 (/ 3 )Yi.^^ ^ 

Using inequality (USD with v{x,y) = {1 + 5 )\ 2 {l 3 )lx=y, there exists (7 > 0 such that: 


sup P^ ® p^(e(l+<5)A2(/3)Yi,„ I ^ (J 

n^\y—x\ ^ Ay/n 

Let e, M be two positive numbers such that — 1 < M. By writing 

1 = lA„<e^2(/3)E-l + 1 m<A„ + le^2(/3)'-l ^ A„ < M; 

we get 


(3.7) 


P^ ® \uJn = y,^n = y) ^ 

+ MP^ ® P"(1a„ = = yy 

Let g > 1 be such that ^ = 1. By Holder’s inequality and inequality (ESI), 

get 

P" ® 7""(1a„ \uJn = y^^n = I/)) 

^ (P" ® P"(A„ ^ - 1 I = y))-^cAs. 

But, since Ni^^n-i^ is integer valued, we get uniformly on | i/ — x | ^ A^/n■. 

P" (8) P^{An > -l\u;n = y,^n = y) 

= P^ ® P"’(W„,n-i„ '^l\uJn=y,(^n = y) 

^ p^ ® P^{Ni^^n/2 ^ l\uJn = y,^n = I/)) 

+ P^ ® P’"(W/2,n-i„ \uJn = y,^n = y)) 

= p^ ® P^[Ni^^n/2 '^l\uJn=y,UJn= y)) 

P py ® py{Ni^,n /2 ^l\uJn = x,Un = x)) (symmetry) 

^ C'P^®P^{Ni^,n/2>l) 

n% 

+ c'py ® py(Ni^,n /2 > 1) 

= 2 C’P®P(Ni^,n/ 2 >l) ^ 

n—^■oo 


we 


y,^n = y) 
y) 


0. 
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We have used in the limit above the fact that iVo^oo < oo P P — a.s. and that 
In —> 0. Therefore, we get 


C 


lim sup | ^ ^ ^ (7(^g'*'2(/3)e_]^^_j_ 

\y-^\ ^ ^ 

We conclude that the above limit is equal to 0 by letting e | 0 and M oo. 

From now on, we suppose that In = o{n°‘) for some a < p By the Markov property 
of the simple random walk, we get: 


P-ie 1 

^ „(n\/„. \^n-ln,ni-LOn=y) ■ 




X) 


P ifil,ln^n-ln,n I 2/) ^ ^ 

\z-i_-x\ ^ ln,\y-Z 2 \ ^ I 

By symmetry of the simple random walk, we have: 

P"^{en-l^,nlun=y) = Y P^C^hlJu^r.=Z2) 

\y ■221 ^ \y 221 ^ Iji 

= 

Therefore, 

I Wn = ») - P*(ei,,„)P»(euJ)") 

_ Xzi,z:2,x,y!z[,Z2,x,y^ 

\zi-x\ ^ ln,\y-Z2\ ^ In 
\z[-x\ ^ injIjZ-Zjl ^ In 

px ^ p^^e^Hmuni I ^ 


where 


5: 


•-UJln=Zl-^UJln=Zi, 

z,w,x,y _ - z) 


- 1 . 


q^^^y — x) 

The idea is that, by the classical local limit theorem, we get in the previous sum the 
following estimate: 

{n-2ln)(^^ _ ^{n-2ln)(^^ _ 

_j_ _ rs^ 1 

—x) (f'^'>{y — x) 

Let us make this statement rigorous and obtain inequality (EHD below. We use the 
notations of theorem o and decompose Sn’'^’^’'^ into three terms: 

>:z,w,x,y _ zz,w,x,y , jrz,w,x,y , jrz,w,x,y 
"n ~ "l,n “T "2,n “r 

where 

^{n-2ln)(^yj — z) — (f-'^\y — x) 


^z,w,x,y _ -z)- - z) ^^^n,,x,y _ 


'^l,n 


— x) 


2 ,n 


q^"'Ky ~ 


rZ.W.X.y 

= 


q^'^Ky — x) — q’^'^\y — x) 
— x) 
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An application of m and (ESD gives for j = 1,3: 


I cz.w.x.y 

sup I ; 

\z-x\ ^ ln,\y-w\ ^ In. 

\y-x\ ^ A^/n 


0 ( 1 ) ^ 0 . 

fl n—>cxD 


An application of (D gives: 


^2^ I =1 




1 - 


— x) 


q^^'>{y — x) — z) 

(f'^\y — x) 


^ C' I 1 - . 


^ C I 1 


,n — 2lnsd d\y-x\ 


n 


^ 2 g 2{n — 2ln) 2n 


It is not hard to show that: 


sup 

\z-x\ < ln,\y-w\ ^ In 
\y-x\ ^ 


,n — 2ln.d d\w-z\'^ d\y-x\^ 

^^ 2 g 2{n-2ln) 2n 


n 


so we have 


sup 

\z-x\ ^ ln,\y-w\ ^ In 
\y-x\ ^ A^ 


cz.w.x.y 

4:n 


0 . 


Finally, we get: 


sup Q{{P^{eij^en-in,n \uJn = y)- P''{ei,in)P^Cei,in)?) 

\y-x\ ^ Av^ 


^ sup 

\z-x\ ^ ln,\y-w\ ^ In 
\y-x\ ^ Ay/n 


^z^,w,x,y |2 ^ p(gA2(/3)(l+Ai,*J^^2 -^ g_ 


Therefore, we get the expansion m- To get the expansion (El, observe that 


P^(eu.) 'is* Z‘ 


and, by symmetry. 


snpQ{{py{7,,j - py{7,,n)?) 

y£Zd 

= P® p(^gA2(/3)(l+Yi,i„_i) _ gA2(/3)(l+Yi.„_i)^ _^ g^ 


□ 


3.2. Proof of theorem nn In order to prove theorem 12.9L we adapt in detail 
the previous proof to the Brownian setting. In the discrete setting, there are three 
key intermediate results: the local limit theorem 13.11 corollary 13.21 and corollary 13.41 
In the continuous setting, we do not need any local limit theorem since Brownian 
motion is already a gaussian process. Therefore, we only require a Brownian analogue 
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to corollary 21 and corollary Id .41 The following constrnction of the Brownian bridge 
can be fonnd in the appendix of jldj : 

Proposition 3.5. For x,y E f > 0, there exists a unique probability measure 
on C([0,1], such that for s G [0, t[, A G 

Pf’y{A) = -^j^^^P^{lAp{t - s,uJs,y)) ( 3 . 9 ) 

y —>• Pf'^ is a regular conditional probability of Pf given ujt = y. 

In the seqnel, we will always work with the representation (USD of Brownian 
bridge. With this representation, we can now easily proye the brownian analogne of 
corollary 13.21 

Corollary 3.6. Let s g]0, 1[ and A > 0. There exists a constant C{A,d) > 0 such 
that 

V/ ^ 0 Vf > 0 snp P'^ifiMu ^ St) \(^t = y) 

\y-x\ < A\/t 

(3.10) 

(1-S)2 

Proof. \i \ y — X \ ^ A\/t then 


\uJt = y) = 


(27rf) 


(27rf(l — s)) 2 


Ik-xI^ \y-<^atr 

e^P%e-^^f{{u;u)u^st)) 


y\2 12 

^-^^P^ifiMu^st)). 

(1-S)2 


□ 

The Brownian analogne to lemma HOI is a slight yariation of Lemma 3.1.3. in jB]. 

Lemma 3.7. For d ^ 3 and v : R'^ —> R a bounded, compactly supported measur¬ 
able function, define 


^{X,y) = P^® py(^Jf°v{u^a-^a)dsy 


Suppose that 

0 < inf ^{x,y) ^ snp <l>(x, i/) < oo. 

Then there exists a constant C > 0 such that 

snp p- ^ py^e^iA^s-^s)ds^ | I) ^ ^ / I f{x,y) \ dxdy (3.11) 

t J^2d 

for all f in L^(R^'^) and t > 0. 

Proof. By nsing the same argnments than the ones in the proof of Lemma 3.1.3. in 
jni, all we haye to proye is 

VFgC'“(R^‘^) [ {^\/,c,yF.\/,^^y^-v{y-x)F{x,y)^{x,y))dxdy = 0. 

JlR2d Z 
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Since {uJs/ 2 —^^s/ 2 )s is a brownian motion, we have that ^{x,y) = ^{y — x) where: 

Vz e $(z) = P^(e^o" 


By equation (3.19) in the proof Lemma 3.1.3. in [B], we have: 

V9eCr(K‘‘) / (Vi9®-Vi5-t>®9(9)5(9)»=0. (3.12) 

Jmd- 

By making the change of variable (x,]j) = {y + x,y — x), F{x, y) = f(x, y) we get: 

Vx,yF. \ 7 ^,y $ = -(Vs/ - Vyf) Vy^ + iVxf + Vyf) Vy $ = 2 Vy / Vy $ 
Therefore, 


VP e 



x,y F. Vai,y ^ -v{y- x)f{x, y)<S'{x, y))dxdy 
iVyfix, ^ Vy m - v{^f{x, mmd^dy 

i 

( [ {x7yf{x,^VyHy)-v{^f{x,mmdmx 

jR<i 


Km 


0 


□ 

We can now state the following analogue to corollary 13.41 

Corollary 3.8. Let ^4 > 0 and x,y & M'^. Under the above assumptions, there exists 
C > 0 such that: 

yt sup P^ ® I ^ Q (313^ 

|iy-x| ^ AVt 


Proof. Let r > 0 and y E such that \ y — x \ ^ Ay^t. By applying (I3.11j) with 
/ = ^B{{y,y),r), we get: 

P*0P"(e/M"--“->'"lBH„,,v|(i9„<2,)) s( k I B{{v,y),r) \ . 

Therefore, 

P- 0 0 e B{iy,y),r)) 

\B{{y,y),r)\ 

^ F P^® P^{{ijOt,uJt) e B{{y,y),r))' 

(3.14) 

As r I 0, a classical result on brownian bridges asserts that the left handside of 
flTTTl) tends to 

P" 0 p-(e/o A-.—dd- 

As r I 0, the right handside of (imu tends to 
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□ 

Proof of theorem \2.fA The proof of theorem 12.91 is quite similar but even simpler 
than the proof of theorem 12.HI since brownian motion is already gaussian. We will 
not repeat the details but we indicate the main steps for convenience. Suppose that 
/3 is such that 

HP) < X{d). 

There exists 5 > 0 such that (1 + 5)A2(/d) < X{d). Using inequality (jd.ld|l applied to 
v{y — x) = (1 + 6 )X 2 {P) I U{y — x) fl f/(0) |, we get the following analogue to (ld.7|l : 
there exists C > 0 such that 

sup 0 p^(ed+'5)A2(/3)A^o,t I ^ Q ( 315 ) 

t,\y-x\ ^ Apt 

Using inequality (ITT3D and inequality (ITTUll . we get 

\ujt = y) ^ P'^Hipt-iut I = y). 

Using the Markov property and the symmetry of Brownian motion, we get 

I O), = !/) M P^eo,,)P‘(eo,,). 

□ 
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